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Abstract
F-theory, as a 12-dimensional theory that is a contender of the Theory of Everything,
should be compactified into elliptically fibered threefolds or fourfolds of Calabi-Yau. Such
manifolds have an elliptic curve as a fiber, and their bases may have singularities. We
considered orbifold as simplest non-flat construction. Blow up modes of orbifold singu-
larities can be considered as coordinates of complexified Kahler moduli space. Quiver
diagrams are used for discribing D-branes near orbifold point. In this case it is possi-
ble to calculate Euler character defined through Exti(A,B) groups and coherent sheaves
A,B over projective space, which are representations of orbifold space after blowing up
procedure. These fractional sheaves are characterized by D0, D2 and D4 Ramon-Ramon
charges, which have special type, calculated for C3/Z3 case. BPS central charge for C
3/Z3
orbifold is calculated through Ramon-Ramon charges and Picard-Fuchs periods.
Key words: supersymmetry algebra, central charge, noncompact manifolds, orbifold
points, coherent sheaves, Euler characteristic.
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1 Introduction
Modern high energy theoretical physics is a unified theory of all particles and all interac-
tions. It is Theory of Everything, because it gives a universal description of the processes
occurring on modern accelerators, and processes in the Universe.
Theory of everything (abbr. TOE) - hypothetical combined physical and mathemat-
ical theory describing all known fundamental interactions. This theory unifies all four
fundamental interactions in nature. The main problem of building TOE is that quantum
mechanics and general theory of relativity have different applications. Quantum mechan-
ics is mainly used to describe the microworld, and general relativity is applicable to the
macro world. But it does not mean that such theory cannot be constructed.
Modern physics requires from TOE the unification of four fundamental interactions:
• gravitational interaction;
• electromagnetic interaction;
• strong nuclear interaction;
• weak nuclear interaction.
The first step towards this was the unification of the electromagnetic and weak inter-
actions in the theory of electro-weak interaction created by in 1967 by Stephen Weinberg,
Sheldon Glashow and Abdus Salam. In 1973, the theory of strong interaction was pro-
posed.
The main candidate as TOE is F-theory, which operates with a large number of di-
mensions. Thanks to the ideas of Kaluza and Klein it became possible to create theories
operating with large extra dimensions. The use of extra dimensions prompted the answer
to the question about why the effect of gravity appears much weaker than other types
of interactions. The generally accepted answer is that gravity exists in extra dimensions,
therefore its effect on observable measurements weakened.
F-theory is a string twelve-dimensional theory defined on energy scale of about 1019 GeV
[1]. F-theory compactification leads to a new type of vacuum, so to study supersymme-
try we must compactify the F-theory on Calabi-Yau manifolds. Since there are many
Calabi-Yau manifolds, we are dealing with a large number of new models implemented in
low-energy approximation. Studying the singularities of Calabi manifold determines the
physical characteristics of topological solitonic states which plays the role of particles in
high energy physics.
Compactification of F-theory on different Calabi-Yau manifolds allows to calculate
topological invariants.
Let us consider in more detail the compactification of F-theory on threefolds Calabi
Yau.
2 Calabi-Yau threefold compactification
Twelve-dimensional space describing space-time and internal degrees of freedom, we com-
pactify as follows:
R6 ×X6 ,
where R6 - six-dimensional space-time, on which acts conformal group SO(4, 2), and X6
- threefold, which is three-dimensional Calabi Yau complex manifold [2].
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2.1 Toric representation of threefolds
Let’s consider weighted projective space defined as follows:
P 4ω1,...,ω5 = P
4/Zω1 × . . .× Zω5 ,
where P 4 - four-dimensional projective space, Zωi - cyclic group of order ωi. On weighted
projective space P 4ω1,...,ω5 is defined polynomialW (ϕ1, . . . , ϕ5), called superpotential which
satisfies the homogeneity condition
W (xω1ϕ1, . . . , x
ω5ϕ5) = x
dW (ϕ1, . . . , ϕ5) ,
where d =
5∑
i=1
ωi, ϕ1, . . . , ϕ5 ∈ P
4
ω1,...,ω5 . The set of points p ∈ P
4
ω1,...,ω5 , satisfying the
condition W (p) = 0 forms Calabi-Yau threefold Xd(ω1, . . . , ω5) .
The simplest examples of toric varieties [3] are projective spaces. Let’s consider P 2
defined as follows:
P 2 =
C3/0
C/0
,
where dividing by C/0 means identification of points connected by equivalence relation
(x, y, z) ∼ (λx, λy, λz)
λ ∈ C/0,
x, y, z are homogeneous coordinates. Elliptic curve in P 2 is described by the Weierstrass
equation
y2z = x3 + axz2 + bz3.
In general Calabi-Yau manifold can be described by Weierstrass form
y2 = x3 + xf + g,
which describes an elliptic fibration (parametrized by (y, x)) over the base, where f, g
- functions defined on the base. In some divisors Di the layer are degenerated. Such
divisors are zeros of discriminant
∆ = 4f3 + 27g2.
The singularities of Calabi-Yau manifold are singularities of its elliptic fibrations. These
singularities are coded in polynomials f, g and their type determines the gauge group and
matter content of compactified F-theory.
The classification of singularities of elliptic fibrations was given by Kodaira and pre-
sented table 1.
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Table 1. Kodaira classification of singularities of elliptic fibrations
ord(∆) Type of fiber Type of singularity
0 smooth no
n In An−1
2 II no
3 III A1
4 IV A2
n+6 I∗n Dn+4
8 IV ∗ E6
9 III∗ E7
10 II∗ E8
The classification of elliptic fibers is presented in Figure 1.
Fig.1. The classification of elliptic fibers.
3 Calculation of topological invariants
3.1 Ramon-Ramon charges
One of the most interesting problems of modern high-energy physics is the calculation
of topological invariants - analogs of high-energy observables in physics. In this aspect,
symmetries and the use of the apparatus of algebraic geometry play an indispensable role.
We considered orbifold as simplest non-flat constructions. For D3-branes on such internal
space Cn/Γ the representations are characterized by gauge groups G = ⊕iU(Ni). In this
case the superpotential is of N=4 U(N) super Yang-Mills,
WN=4 = trX
1[X2,X3],
whereXi are chiral matter fields in production of fundamental representation V i ∼= CNi of
the group U(Ni). Blow up modes of orbifold singularities can be considered as coordinates
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of complexified Kahler moduli space. Quiver diagrams are used for discribing D-branes
near orbifold point.
Fig.2. The C3/Z3 quiver.
In this case it is possible to calculate Euler character defined as
χ(A,B) =
∑
i
(−1)idimExti(A,B),
where Ext0(A,B) ≡ Hom(A,B) and A,B are coherent sheaves over projective space, PN
(general case), which are representations of orbifold space after blowing up procedure.
Since we will deal with orbifolds C3/Z3 in the future, it is necessary to emphasize the
following equivalence relation
(x1x2x3) ∼ (e
2ipi/3x1, e
2ipi/3x2, e
2ipi/3x3), e
2ipi/3
∈ Z3
Orbifold is not a manifold, since it has singularities at a point (0, 0, 0). Blowing up the
singularity of the orbifold C3/Z3, we obtain a sheave OP 2(−3) with which we will work
further. In particular, the Euler matrix for sheaves OP 2 , OP 2(1), OP 2(2) over projective
space, P 2 looks like
χ(OP 2(1),OP 2(2)) =


1 3 6
0 1 3
0 0 1

 .
Transposed matrix has the form


1 3 6
0 1 3
0 0 1

⇒


1 0 0
3 1 0
6 3 1

 .
The rows of matrices are RR-charges characterizing the sheaves:
OP 2(−3) = (6 3 1),OP 2(−2) = (3 1 0),OP 2(−1) = (1 0 0), (1)
OP 2 = (0 0 1),OP 2(1) = (0 1 3),OP 2(2) = (1 3 6), (2)
which can be written through large volume charges (Q4, Q2, Q0):
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Q4 = n1 − 2n2 + n3, Q2 = −n1 + n2, Q0 =
n1 + n2
2
included in the definition of the Chern character ch(n1n2n3)
ch(n1n2n3) = Q4 +Q2w +Q0w
2,
where w - Wu number. Then sheaves (1), (2) describe fractional branes [4]
OP 2(−3) = (1 − 3
9
2
),OP 2(−2) = (1 − 2
4
2
),OP 2(−1) = (1 − 1
1
2
),
OP 2 = (1 0 0),OP 2(1) = (1 1
1
2
),OP 2(2) = (1 2
4
2
),
General formula for Chern character of bundle E:
ch(E) = k + c1(E) +
1
2
(c1(E)
2
− 2c2(E)) + . . . ,
where ci(E) are the Chern classes of line bundle E. In our case of a line bundle OP 2(k),
only the first Chern class is nonzero, and therefore the formula for the Chern character is
following
ch(E) = k + c1(E) +
1
2
c21 (3)
As
1 + c1(E) + . . . + cn(E) =
n∏
i=1
(1 + wi),
then c1(E) = w1 = w and formula (3) can be rewritten
ch(n1n2n3) = Q4 +Q2w +Q0w
2, (4)
where Ramon-Ramon charges (n1n2n3) characterize the bundle E, the rank of the line
bundle Q4 = 1, Q2 = c1 by the fundamental cycle, Q0 =
c2
1
2
from a comparison of formulas
(3) and (4).
Thus fractional sheavesOP 2(k) are characterized byQ0, Q2, Q4 Ramon-Ramon charges,
which have special type, calculated for C3/Z3 case.
3.2 BPS central charge
As we are interested in the moduli spaces, we give them a visual definition. Suppose we
have a cube curve with the parameter λ
y2 − x(x− 1)(x− λ) = 0 (5)
As λ - the variable value, then the equation (5) describes a continuous family of cubic
curves. The parameter spaces describing continuous families of manifolds are called moduli
spaces. We form dxy the form where y are determined from equation (5). It turns out that
periods pi1(λ), pi2(λ):
pi1(λ) = 2
1∫
0
dx
[x(x− 1)(x − λ)]1/2
, pi2(λ) = 2
λ∫
1
dx
[x(x− 1)(x− λ)]1/2
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satisfy Picard-Fuchs equation
1
4
pii + (2λ− 1)
dpii
dλ
+ λ(λ− 1)
d2pii
dλ2
= 0 . (6)
Periods that satisfy equation (6) describe the moduli space of a cubic curves. For the
moduli space of a line bundleOP 2(−3), Picard-Fuchs equation and its solutions are written
as (
z
d
dz
)3
+ 27z
(
z
d
dz
)(
z
d
dz
+
1
3
)(
z
d
dz
+
2
3
)
Π = 0
Π0 = 1,
Π1 =
1
2ipi
log z = t = w0,
Π2 = t
2
− t−
1
6
= −
2
3
(w0 − w1) .
The BPS central charge [5] associated with the D-brane over C3/Z3 with Ramon-Ramon-
charge n = (n1n2n3) and with the Picard-Fuchs period Π = (Π0Π1Π2) is given by the
formula
Z(n) = n ·Π
The central charge associated with the sheave OP 2(k) is given by the formula
Z(OP 2(k)) = −(k +
1
3
w0) +
1
3
w1 +
1
2
k2 +
1
2
k +
1
3
.
4 Conclusion
In the framework of F-theory we prsented the ideology of extra dimensional spaces. It
was stressed the exceptional role of topological invariants for Calabi-Yau manifolds. We
have considered the special type of the space of extra dimensions - orbifold C/Z3. Using
blowing up procedure of singularity we calculated special type of topological invariant -
Ramon-Ramon central charges of fractional sheaves, in which is encoded the information
about the structure of line bundles. Consideration of moduli space of orbifold leads us
to the equation of Picard-Fuchs periods, through which we calculated central charge for
sheave OP 2(k). This topological invariant is of importance because of information of
stability of D-branes as bound states of fractional branes or sheaves presented in this
paper.
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